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Abstract 

Higher spin tensor gauge fields have natural gauge-invariant field equations written in terms 
of generalised curvatures, but these are typically of higher than second order in derivatives. 
We construct geometric second order field equations and actions for general higher spin 
boson fields, and first order ones for fermions, which are non-local but which become local 
on gauge-fixing, or on introducing auxiliary fields. This generalises the results of Francia 
and Sagnotti to all representations of the Lorentz group. 



1 Introduction 



Fields in higher spin representations of the Lorentz group arise in a variety of contexts. In 
perturbative string theory they are present in the spectrum of massive modes, and hmits in 
which an infinite number of these become massless are of considerable interest, as they could 
lead to symmetric phases of string theory with an infinite-dimensional unbroken symmetry 
group. Interacting theories with infinite numbers of massless higher spin fields with anti-de 
Sitter vacua have been constructed in [T], j2], but so far these have only been constructed 
in anti-de Sitter spaces of dimensions D < 5, and in certain generalised spacetimes. These 
are associated with higher spin algebras, and higher spin superalgebras have recently been 
constructed in dimensions D <7 The free covariant field theories for higher spin gauge 
fields have been discussed in jl], jS], jH], [7]. Tensor gauge fields in unusual representations of 
the Lorentz group are also an inevitable consequence of dualising certain conventional gauge 
theories. This was analysed in , where the dual forms of linearised gravity were found in 
arbitrary dimensions and duality was discussed for general tensor fields. 

Recently, there has been considerable progress in the understanding of free higher spin mass- 
less gauge fields. In jHI, covariant local free field equations and gauge-invariant actions 
were given for gauge fields in D dimensions transforming in any representation of GL{D, M). 
The field equations were given in terms of field strengths so that they were manifestly in- 
variant under higher spin gauge transformations. However, these field equations in general 
involved more than two derivatives of the gauge field. (The field equations were second order 
only for those gauge fields in representations corresponding to Young tableaux with no more 
than two columns.) In ^1], second order field equations were considered for gauge fields 
in completely symmetric tensor representations. On fixing some of the symmetries, these 
reduced to the local second order field equations of Fronsdal ^Hl- However, the covariant 
form of the field equations of IT[\ were written in terms of invariant field strengths and were 
non-local, involving inverse D' Alembertian operators. These non-localities can be removed, 
however, by gauge-fixing, or by introducing auxiliary compensator fields. This gauge-fixing 
has been described in detail in |12j for totally symmetric tensors, where it was found that 
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they indeed describe the same number of on-shell degrees of freedom as those derived using 
the Fronsdal formahsm. The purpose of this note is to write down geometric second order 
field equations for all representations by combining the two approaches. The idea is simple; 
consider one of the geometric higher derivative field equations in D dimensions of 0, |lUj . 
which is of order 2n in derivatives. The free field equation is the vanishing of a higher spin 
generalisation of the Einstein tensor, E' = 0, where E involves 2n partial derivatives of the 
gauge field A. In a physical gauge (i.e. a transverse traceless gauge) this reduces to □"A = 
where □ := d^d^. Then a suitable second order field equation generalising that of ^1] is 
= 0, and in physical gauge this reduces to DA = 0, as it should. This means that the 
apparent non-locality of the equation can be ehminated by a suitable gauge choice, as in fU\, 
and it can also be eliminated by introducing auxiliary fields [11 . An analogous procedure, 
again based on 11^, is presented for obtaining first order field equations for spinor- valued 
fermionic fields in any representation of the Lorentz group. 

Consider for example a fourth rank totally symmetric tensor gauge field A^^pu = At^^yp^-) 
represented by the Young tableau | | | | ~| which has the gauge transformation 

5A^yp„ = 4:d(f,Aupa) (1) 
with totally symmetric tensor gauge parameter A^p„. The gauge- invariant field strength is 

Pp\p.2^'lf2PlP2Cncr2 ~ dp-^di,j^dp-^dcriAp2U2P2Cr2 (A''! ^ f^'i) ••■ (2) 

which is antisymmetrised on each index pair, so that 

PpiP2t^\y2Plp2<yicr2 ~ ^[piP2]Wll^2\[PlP2\[o-ia-2\ (3) 

This is the natural generalisation of the linearised Riemann tensor and is represented by 



the Young tableau 



. If the free field equation is to come from varying a gauge- 
invariant action with respect to Apyp^, it should be of the form Qpypa = for some gauge- 
invariant, totally symmetric tensor Qpupa, which is the generalisation of the Ricci tensor. 
The natural choice is to define 

^piuipicri ■ 'I 'I ^ piP2i'lV2PiP2cria2 V* ) 
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Then G(^^^uipiai) = is a covariant local field equation, but is fourth order in derivatives. ^ 
Here r]^,^ is the background SO{D — 1, l)-invariant Minkowski metric, which is used to raise 
and lower indices. The second order field equation of llj is then given by 

Q^iupa '■— (^^jypa-) = (5) 

In the tranverse traceless gauge (which we will refer to as the 'physical gauge') 

d^A^^p, = 0, v^'A^.p, = (6) 

the equation © reduces to ^A^^pa- = 0, as required (see Appendix A for a discusssion of 
going to transverse traceless gauge). 

The generalised Einstein tensor is 

E^upa '■= G{^^yp(j) — 7](^py Gp„)a/3 + ^ Tlip-vVpa) G a^-fS 7]°'^ Tp^ (7) 

which satisfies the conservation equation 

d^'Ep.p, = (8) 

identically. Then the action 

is invariant under the gauge transformation (0) and its variation gives the field equation 
■^Epyp„ = 0, which is equivalent to (0). This is a simple modification of the action 5'^'^'^'^] 
for a type [1, 1, 1, 1] tensor gauge field given in 0, [ID], obtained by inserting the non-local 
operator D"^. 

The generalisation to totally symmetric tensors ..^^ of spin-s is straightforward [11]. 
There is a field strength 

^/.iM^M^^i ..^fMi = 9^l9pl--dpiA^i^2 p.^ - (/ii^^s) - ••• (10) 

^The field equation G^n/ipio-i = (without symmetrisation) is also gauge-invariant but cannot be derived 
from a gauge-invariant action without introducing extra fields. 
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which is antisymmetrised on each of the s index pairs so that 

If s is even, then contracting F^i ^2 ^2 . ^| over s/2 pairs of indices with s/2 metric tensors 
^^2/^2 defines the gauge-invariant tensor G^i...^^. A generahsed Ricci tensor Gi^^-^^^^^^) is then 
defined by total symmetrisation of all s indices and G{^^^,,,p^^) = is a covariant field equation 
of order s in derivatives. This is the s derivative field equation of [Oj, ^Hj for an even spin-s 
field. The associated second order field equation of [TT] is 

Q^l^...^>.s ■= ^G(^,.„^,) = (12) 

where r = | — 1, and reduces to the Fronsdal equations [T^ on partial gauge fixing to traceless 
gauge transformations JT]. These Fronsdal equations then reduce further to DA^j...^^ = on 
imposing the physical gauge conditions d^^A^^ ^^ = and //'^^'^^A^i^j -./is = 0- This equation 
can be derived from a gauge-invariant non-local action of the form 

= -J,j d'^xA^^-^^^^E,,,,,,^ (13) 

where r = | — 1 and E^^,,,^^ is the generalised Einstein tensor given by shifting the traces of 
G^^,,,^^ and Young symmetrising indices so that d^^E^^,,,^^ = identically. The construction 
of such 'Einstein tensors' is discussed in Appendix B. 

For odd spins, we define a rank s tensor G^i...^^ by contracting over pairs of indices of 
9^s+iF^i^i^2^2 Then the field equation G^^^,,,^^) = of [S], jlHI is of order s + 1 in 

derivatives, and the second order field equation of p!T^ is as in dH, but with r = ^ - 1. 
This equation follows from a gauge- invariant action of the form ()13p. but with r = -^^^ — 1. 
The gauge-invariant tensor E^^_^^ is again defined by shifting the traces of G^i...^^ and 
symmetrising. In both even and odd spin cases, the physical gauge field equation □ A^j...^^ = 
follows from the local action 

= -1| d^xA^^-^^UA,,...,^ (14) 
This generalises to gauge fields in arbitrary representations of the general linear group 
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GL{D,M.). Consider for example the Young tableau 
sor gauge field A^-^^^^i,p„ satisfying 



corresponding to a ten- 



AfJ,lfJ.2l^pcr ^[/^i/12]i^po"5 ^[/^l/^2i^]po' 0, ^/^i/J2!^po" A^llfJ.2i'^po-) i^^) 

We refer to this Young tableau as type [2, 1, 1, 1], where the numbers denote the length of 
the columns. The field strength is 

-^/il/i2A'31'li^2PlP20'l(T2 f^/ilf^i/if^pi^CTl^P2M3'^2P20-2 {^1 ^ ^2) ••• (16) 

which is antisymmetrised on each of the four index types so that 

-fpi/12M3;^ll'2Plp20-10-2 — -^[AtlAt2P3][!^l'^2][PlP2][o"i(72] (l"^) 

of type [3,2,2,2]. 



and is in a representation that corresponds to the Young tableau 
Again, one can define a gauge-invariant tensor by 

O ■= 77/^3^2 „P2f72 P (-10) 

'-^MlM2l^lPlCTl ■ 'I 'I MlM2M3l^ll^2PlP20-iO-2 \^°) 

This tensor is not irreducible under GL(D,R) but an associated Young tableau can be 
defined by the Young projection 3^[2, 1,1,1] of (fTS|) onto the irreducible subspace of type 
[2, 1, 1, 1] tensors. This projected tensor corresponds to the generalised Ricci tensor and 
3^[2,i,i,i] o G^i/xaJ^iPifTi = '^Tl^^^'^'^Tl^'^'^^F^^p^^^u^y^p^p^^^^^ = is a covariant local fourth order 
field equation, while 3^[2. 1,1,1] o (□G^i/x2!^ipio-i) = is the natural candidate for a second order 
field equation. Again, an Einstein- type tensor -E/ii/^jfipio-i of type [2, 1, 1, 1] can be defined 
by shifting traces followed by Young projection of G^^^^y^p^^^ (see Appendix B), so that the 
second order field equation above can be derived from the gauge-invariant action 

(-[2,1,1,1] f jD /iMiM2i'lPlo-i J_ p /iqN 

'-^(1) ~ 12 I |— |-^MlM2!^lPlO-l K^^J 

The non-local field equations reduce to □ Ap^^^^^^-^p-^^a-i = in the physical gauge 

(9^1 A — n A — n n^i'^i A — n ('?c\\ 

and this field equation follows from the local action 

<-[2,i,i,i] ^ I rl'^'r A^^'^^^'^''^P^'^'^\~^ A ('?^\ 

'^(1) — 12 j L-l ^PiP2i^iPio-i l^-LJ 



The procedure described above generalises to arbitrary tensor gauge fields A of type [pi, ...,Pn] 
represented by a Young tableau with columns, each of length pi. The field strength F 
is given by acting with derivatives on A and projecting onto the representation [pi + 
l,...,Pi^ + 1], so that in particular there is an antisymmetrization on the indices in each 
column. A generalised Ricci tensor of type [pi, ...,pn] is obtained by first taking N/2 traces 
of -F if is even, or by taking an extra derivative and taking (A^ + l)/2 traces of dF if 
A^ is odd. By summing over all possible inequivalent ways of taking these traces one ob- 
tains the generalised Ricci tensor whose vanishing defines the higher order field equation 
in jni- An associated second order field equation is obtained by dividing the higher 
order equation above by a suitable power r of the D' Alembertian operator. This power is 
r = N/2 — 1 for even N or r = [N + l)/2 — 1 for odd A^. The non-local gauge- invariant 
action from which these equations derive takes the form J d^x A ■ in terms of the type 
[pi, ...,pn] generalised Einstein tensor E. This non-local action is then replaced by the local 
form J d^x A-\3Aio derive the field equation \3A = in an appropriate physical gauge. 

Clearly, some care is needed in dealing with the index structure in such exotic representations 
and in making the above prescription precise. For p-form gauge fields, i.e. gauge fields of 
type [p\ with a tableau comprising a single column of length p, differential forms provide 
the natural formalism to describe the theory. For A^ > 1, the generalisation to 'multi- forms' 
provides the natural formalism to describe the theory. In [H], PSl, we presented a theory of 
multi-forms and applied it to general gauge theories, and in section 2 we review the parts of 
that which will be used here. Earlier work on the application of differential analysis to higher 
spin gauge theory appeared in ^1], ^5] and a similar multi- form construction was used in 
[in], [H]. While this paper was in preparation, [201 appeared which gave further discussion 
of the spin-three theory and briefly discussed field equations for general gauge fields. 
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2 Multi-form gauge theory 



We begin by reviewing the multi-form construction of gauge theories with gauge potential 
transforming in an arbitrary irreducible representation of GL{D,W). Much of the material 
in this section is given in [^j, ^Oj. For a discussion of Young tableaux, see [TH] . 



2.1 Multi- forms 



A multi-form of order is a tensor field T that is an element of the A^-fold tensor product 
of pj-forms (where i = 1, ...,N), written 

XPu-'PN .- APi®...®AP^ (22) 

In general, this will be a reducible representation of GL^DjM.). The components of T are 
written T^i ..^i and are taken to be totally antisymmetric in each set of {yU*} 

indices, so that 

^/.i. Ml... = ^K...MiJ...[Ml...A'^J-[/^f...<^] (23) 

The generalisation of the operations on ordinary differential forms to multi-forms of order 
A^ over MP is as follows. 

The ©-product is the natural generalisation of wedge product to multi-forms and is given 
by the map 

. Ji^Pi,...,Piv X X^'i....,p'jv _^ Ji^Pl+p'lv,PiV+p'iV (^24) 

defined by the A^-fold wedge product on the individual form subspaces. 
There are A^ inequivalent exterior derivatives 



^{i) . j^Pi,...,Pi,...pjv _^ Ji^Pi,...,Pi+lv,PJV ^25) 

which are individually defined as the exterior derivatives acting on the A^* form subspaces. 
This definition implies d'-*-*^ = (with no sum over i) and that rf*^*-* commutes with d!^^^ for 
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any Since the multi-form space XP'^'-'P^ is isomorphic to the multi-form space jv,o 
of one order higher, one can introduce a further derivative operator on X^'^'-'P'^ , defined by 

d := : XP'^-'P'' (26) 

This follows by taking the partial derivative of a multi-form T e x^^' - '*'^ to define an 
element in X^^'-'^^'^ with components 9 jv+iT,,i ,,i ,,i ,a „n . One can also define the 
total derivative 

AT N 

V -.^ , J) : XP''-'P''-P^ ^^®XP''-'P'+^'-'P^ (27) 

i=i i=i 

which satisfies 7?^+^ — 0. 

For representations of SO{D — 1,1) C GL{D,W) there are N inequivalent Hodge dual 
operations 

which are defined to act as the Hodge duals on the individual A*'* form subspaces. This 
implies that — (^—ly+p^iD-Pi) (^^ffil]^ no sum over i) and that commutes with for 
any ij. 

This also allows one to define inequivalent 'adjoint' exterior derivatives 

._ ^_^y+D(j>i+l) . -^pu...,Pi,...pN _^ j^pi,...,Pi-l,...,pjv (29) 

This imphes = (with no sum over i) and any two commute. One can then define 
the Laplacian operator 

A := dW(^t« + S^^S-^ : XP''-'P''-P^ j^pi,...,Pi,...,pjv (30) 

with no sum over i. The action of the Laplacian operator on multi-form T e X^i' - '^^ is 
independent of which i = 1, N is chosen for A. This can be seen in component form since 
(AT)„i ,1 „M = nTyi „i „iv , where □ := d^d^ is the D' Alembertian 

operator on t^-^-^'^ 
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There exist N{N — l)/2 inequivalent trace operations 

defined as the single trace between the A^' and A^^ form subspaces using the Minkowski 

i 3 

metric Ty'^i'^i. This allows one to define two inequivalent 'dual-trace' operations 
and 

^{ij) .— ^_^y+DiPj+l) ^(j) . j^pi,...,pi,...,pj,...pN _^ j^pi,...,pi-l,...,pj+l,...,pN ^33j 

associated with a given r*-*-'-' (with no sum over i or j). Notice that a*-*-'-* = a^^''^ since 
j-iv) — -7-(i«)_ This imphes that the components (a^^^^T) i , i i , j j , at are equal to 



There are N[N — l)/2 inequivalent involutions 

^fe) . J^Pl,---,Pi,-,P3^-PN J^Pl,-,P3,-,Pi,-,PN (^2,A) 

defined by exchange of the A^* and A^^ form subspaces in the tensor product space. The com- 
(assuming '>Pj). 

There are also A'"(A'" — l)/2 inequivalent product operations 

^fe) . j!^Pl,-,P<,---,P3,---PJV _^ ^p\,...,Pi+l,...,Pj + l,...,PN ^-3^^ 

defined as the ©-product with the SO{D — 1, 1) metric 1] (understood as an order multi- 
form with all columns of zero length except pi = pj = 1, corresponding to a [1, 1] bi-form in 
the A^'* (g) A^'^ subspace), such that rj^'^'^T = rjQT ior any T e X^^'-^P'' . The components 
(^fe)7^) are equal to (pi -M)(pj + l)?7 < ,T i . i j , ^ 

(with implicit antisymmetrisation on the {pi+ 1) and {pj + 1) /i^ indices seperately). 



9 



2.2 Irreducible representations and Young tableaux 



The space of multi-forms X^^' ' '^^ is in general a reducible representation of GL{D,M.). 
Each irreducible representation of GL{D,M.) is associated with a Young tableau. Consider 
the representation associated with a Young tableau with N columns and with pi cells in the 
ith column (it is assumed Pi > Pi+i); we denote this representation as [pi, ...,pn-]- A tensor 
A in this representation is a multi-form A G X*^^'" '^^ satisfying 



^'^^A = (36) 



for any j > i and also satisfying t^^^'^A = A if the ith and jth columns are of equal length, 
Pi = Pj JH]- The projector from X'^'^'^''^^ onto this irreducible tensor representation xt^^' ^'^'^l 
is the Young symmetriser 3^[pi,...,p^]. 

For example, consider a rank s multi-form in X^'^' - '^ (with N = s and all pi = 1). This 
is the space of all rank s tensors T^i^j-.-ms' with no index symmetry properties and so is 
a reducible representation of GL(D,]R). The projector 3^[s,o,...,o] takes this to the space of 
totally antisymmetric tensors T^i^a-.-Ms = ^[^1/^2... /is]) while 3^[i,i,...,i] takes this to the space of 
totally symmetric tensors Tf^-^^^-.-f^s = r(/^i/x2.../is)- The full set of irreducible representations 
are obtained by acting on X^'^' - '^ with all projectors 3^[pi,..,,p^] with pi > pj+i satisfying 



2.3 Multi-form gauge theory 

Consider a gauge potential A that is a tensor in the [pi, ...,Pn] irreducible representation of 
GL{D, R) whose components have the index symmetry of an X-column Young tableau with 
Pi cells in the ith column (with pi > Pj+i). The natural gauge transformation for this object 
is given by [TU] 

5 A = 3^[p„...,p,]o(^f;rf«a5'-'^-^'-'^-j (37) 
for any gauge parameters a^^^'"'"^"''^''"'^'^ G X^^'^''^*"-'^'"''^^. 
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The associated field strength F is a type [pi + 1, ...,pn + 1] tensor given by 

F = (Ud^'^^^ = ^V'^A (38) 

which is invariant under (jTFj) . The first expression is unambiguous since all d*^*^ commute. 

From the generalised Poincare lemma in ^3], ^H] it follows that any type [pi + 1, ...,pn + 
1] tensor F satisfying S'-^F = for all i can be written as in for some type [pi, ...,Pn] 
potential A. The field strength F satisfies second Bianchi identities 

S'^F = (39) 

and the first Bianchi identities 

a^'^^F = (40) 

for any j > i. 

Considering the irreducible representations of GL{D,M.) above to be reducible representa- 
tions of the SO{D — 1,1) Lorentz subgroup allows the construction of a gauge- invariant 
action functional from which physical equations of motion can be obtained. 

For odd, the natural field equation for a general type [pi, ...,PAr] gauge potential A is given 
by 

leSN 

where the sum is on the labels / = {ii...i]\f) whose values vary over all permutations of the set 
(l...A^). The (A^+ l)th label is not included in the sum. The fact that the Young projection 
3^[pi,...,pjv,o] onto the irreducible [pi, ...,Pn, 0] tensor subspace is not required in this expression 
is shown in Appendix B. For even, the field equation for a type [pi, ...,Pn] gauge potential 
A is given by 

I(^Sn 

where the sum here is on all the labels / = (ii...zjv) whose values vary over all permutations 
of the set (l...iV). The Young projection 3^[pi,...,pjv] is again unnecessary. 
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If these field equations can be derived from a gauge-invariant action, it must be of the form 

in terms of the type [pi, ...,Pn] gauge potential A and some gauge-invariant field equation 
tensor E involving partial derivatives on A for even (or + 1 derivatives for odd 
A^). Gauge invariance of (pSjl requires that E should satisfy the A^ conservation conditions 
d^'^E,,i „i „i „i ,,N = identically for i = 1,...,N. For A^ even, the leading term in E 
involves N/2 traces of the field strength F of A and is given by the sum over all permutations 

1 2 N — 1 N 

of A^ labels of the term F,,i ,,i ,,n tj^^^^ ...tj^^ . The correction terms then consist 
of further traces (appropriately symmetrised) with coefficients fixed by overall conservation 
of E [lOj, so that the field equation = is a linear combination of the field equation given 
above and its multiple trace parts. For A^ odd one can consider the potential to be a type 
[pi, ...,Pn,0] tensor of even order A^+ 1 whose field strength dF is a type [pi + 1, ...,pn + 1,1] 
tensor. The construction of E is then the same as for the even A^ case. The explicit form 
of E is discussed in Appendix B, where it is constructed explicitly for bi-forms and totally 
symmetric tensors, and a general form is conjectured. 

For general A^ the local gauge-invariant field equations above are A^th order in derivatives for 
even A^ and of order A^ + 1 for odd A^. Consequently they are higher derivative equations of 
motion for higher spin fields with N > 2 involving more than two partial derivatives of the 
gauge field. In the next section we give a method for obtaining second order field equations 
for such higher spin tensor fields with arbitrary A^. This construction was described in JT] 
for the case of totally symmetric spin-s gauge fields. In our notation such totally symmetric 
spin-s fields are tensors of type [1, 1] with N = s entries. 

3 Second order field equations 

The local gauge-invariant action (jinj) for a general type [pi, ...,pAr] gauge potential A can be 
modified by the insertion of a negative power of the D' Alembertian scalar operator □. The 
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resulting non-local action is given by 



and is gauge- invariant for any power r. Formally, this gives field equations of order N — 2r 
for even or + 1 — 2r for odd, so that choosing r = ^ — 1 for even and r = ^^2^^ — 1 
for A^ odd gives second order field equations. For any r, these field equations are covariant 
and gauge- invariant, but are non-local in general. We will show that the second order field 
equations become local in physical gauge, and it is to be expected that the non-localities 
could instead be eliminated by the introduction of auxiliary fields, as shown for the spin- 
three case in jTTj. For the case in which r is chosen to make the field equation zero'th order, 
the field equations imply the fields are pure gauge. 

Choosing r = y — 1 for A^ even and r = ^^2^^ — 1 for A^ odd, gives gauge-invariant 
field equations derived from ()44|) that are of second order and are given by the non-local 
expressions 



^(0) ._ ^{ili2)^^^^{iN^liN)^_^ = (45) 

for A^ even and odd respectively. The Young projections 3^[pi,...,p^] and 3^[pi,...,p^,o] in and 
(|46p are not necessary, following the theorem in Appendix B. These equations correspond to 
those proposed in JT] for the case of a spin-s gauge field with N = s and all pi = 1. The 
non-local action ()44p is then replaced by the local action 



in the physical gauge 



for any i,j = 1, A^. 



d^^'^A = , T^'^^A = (48) 
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The second order, non-local field equations above are not unique. Define F^""^ := d'^F to 
be the order N + m tensor associated with the canonical field strength tensor F of order N 
obtained by acting on F with m partial derivatives. Then write 



for the case of even and odd respectively. The Young projections 3^[pi,...,pjv,o,...,o] (with 2n 
zeros) and 3^[pi,...,pjv,o,o,...,o] (with 2n+l zeros) in (jiUI) and respectively, are not necessary. 
It is clear by construction that (j49|) and (j5(jp are related to the original field equation tensors 
in ()45p and pUj) and the equation Q^'^^ = also reduces to IHA = if one imposes the 
physical gauge conditions (PHj) . The field equations given by the vanishing of and (j^Uj) 
are more restrictive than (j45p and (j46j) in the sense that the gauge-invariant tensors in (j49j) 
and (jSUj) vanish as a consequence of (jl^ and pUj) though the converse statement is not true 
^ . One of these associated field equations is noted in JT] for the case of a spin-3 field. In 
our framework this example corresponds to the case in which N = 3, pi = p2 = Ps = 1 and 
n = 1. As noted in ^T], this second order field equation Q^^^ = is simply related to a 
linear combination of the equation Q^^^ = and its trace. In general, one can consider field 
equations given by linear combinations of these tensors, J2n ^^^"^ = or a„ ^(^n+i) _ g 
for some coefficients a„, but these will generally be more restrictive than (j45|) and (|46|) . 

simple example to illustrate this fact is for linearised gravity where Q^j^} — R^^, is the Ricci tensor and 
Q^in^ — R^iiJ — '2-^d''d'^ Rp^j^au where Rp,i,pa is the full linearised Riemann tensor. It is clear that the non-trivial 
Einstein equation i?^,^ = in _D > 4 implies the secondary field equation d^Rp^^pa — (by tracing the second 
Bianchi identity d[aRi_iy]pa = 0) so that — implies Q'^'^^ — but not vice versa. This structure follows 
in the general theory where one expands a given field equation of level m (i.e. (y^'"' — 0) and finds only 
lower field equations of levels < m and their various 'secondary' field equations derived using these lower 
level equations and the associated Bianchi identities. 




(49) 




(50) 
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4 Connections 



The linearised Riemann tensor can be written as the (appropriately symmetrised) single 
derivative of a first order linearised connection, such that Rfj^upa = 4c}[^r,^][po-] where Typ^j = 
\{dyhp„ + dphyfj — d^hyp). More generally, [TTj, [1^], the field strength of a general spin-s 
gauge field can be written as a derivative of a rank 2s — 1 linear connection involving s — 1 
derivatives of the spin-s gauge field. We show that such a linear connection structure arises 
for general tensor gauge theories. 

The type [pi + 1, ...,pAr + 1] tensor field strength associated with an arbitrary type [pi, ...,p7v] 
gauge potential A satisfies S'^'^F = for all i. For any given i, this implies that F is rf'^^-'-exact, 
so that 

F = t^«f(,) (51) 
(with no sum over i) where r(j) G XPi+ir--.Pir-->Piv+i jg (defined by 

r» := (n^^'M^ (52) 

Notice that r(j) is a multi-form involving — 1 derivatives of A but is not GL{D,M.)- 
irreducible in general. Under the gauge transformation (|H7j) . r(j) transforms as 

and is invariant under the transformations with parameter a(j) for any j ^ i, so that F is 
gauge-invariant. All r(j) are inequivalent if no two column lengths Pi are equal. For any 
two columns i and j of equal length (with pi = pj) then r(j) and r(j) are equivalent under 
transposition, in the sense that r(i) = t'-'^^T(^j) (with no sum over j). This explains why only 
a single linear connection is realised in ^T], for a spin-s gauge field with all Pi = 1. 

Note that for gravity, the linearised Christoffel connection F is related to the bi-form con- 
nection F defined in this way by 2F^[,^p] = — 2/i^[j^p] = F^^^p G X^'^ and is distinguished by 
its transformation property 6Tp^^p = dpdyS,p under Shp^, = 2d(^p^y). For totally symmetric 
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tensors, generalisations of the linearised Christoffel connection F were proposed in and 
these are related to linear combinations of the F, but for the general case, the multi-forms 
F(j) seem to be more natural in the linear theory. 

For a totally symmetric spin-s field, there is in fact a hierarchy of connections ^^1, and the 
same is true for general [pi, ...,Pn] tensor gauge fields A with gauge-invariant field strength 
F = S^\..S'^'^A. In addition to the multi-forms r(j) of order — 1 in derivatives defined 
above, one can define N\/{N — k)\k\ multi-forms of order N — k in derivatives as 



by pulling off k different exterior derivatives from the definition of F in all possible inequiv- 
alent ways. Consequently, at the top of the hierarchy there is one T = F and at the bottom 
there is also one inequivalent F(j^.. j^^) = A. It is always possible to write F in terms of any 
one of these multiforms since 



Therefore, by construction, each multi-form F(j^...jj,) transforms in such a way that F is 
invariant under gauge transformation (|H7jl . 

5 First order fermionic field equations 

It is straightforward to generalise the analysis of a bosonic tensor gauge field in the rep- 
resentation [pi,...,pn] to the case of a fermionic spinor-valued tensor gauge field in the 
representation [pi, ...,pN-]g := [pi,...,pjv] ® S of (the cover of) the Lorentz group, given by 
the tensor product of the tensor representation with the Dirac spinor representation S (with 
no constraints on traces or gamma-traces). 

For a Dirac spinor ijj G X'^^s^ the Dirac equation ^ijj = implies the Klein-Gordon equation 
dip = (where ^ := 7'^(9^ and 'y'^'y" + ^'^^'^ = 21]'^'^) while the Dirac equation can formally 




(54) 



F 



(55) 
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be obtained by acting on the Klein-Gordon equation □■?/' = with the non-local operator 
Similarly for a Dirac spinor- valued vector (gravitino) if) G X^^'s^ the Rarita-Schwinger 
equation 'y^'^^d^ipp = (where 7^'^'' := ^y^^^^y'^^yP^) implies the Maxwell equation d^d[^il)y-\ = 0, 
and conversely acting on the Maxwell equation with gives an equation equivalent to the 
Rarita-Schwinger equation [TTj. 

In jT3| first order field equations were given for general spinor-valued totally symmetric rank 
s tensor gauge fields (referred to as spin-(s + 1/2) fields) in the [1, 1, 1]^ representation, 
which are invariant under gauge transformations with constrained parameters. In JT], a 
non-local form of these equations was found which is invariant under gauge transformations 
with unconstrained parameters. Consider the case of a spin-5/2 tensor field if) E X^^'^^s 
whose first order field equation in jTH| is 

- 29(^V^,) = (56) 

where ip^ := 'j^'ip^u- dSHI) is only gauge- invariant under 

Sipf,^ = 29(^^^) (57) 

if the spin-3/2 parameter satisfies the constraint 7^^^^ = 0. A non-local fully gauge- invariant 
field equation JI] is obtained by taking the linear combination 

- 29(,^,) - ^ (^V^ - 29^^,) = (58) 

of ()56|) with its trace. This is invariant under (j37|) with unconstrained parameter. Acting on 
(I58|) with ^ one obtains the second order linearised Einstein equation 

V^'d[,^.]M = (59) 

which is gauge-invariant and local. Conversely, one obtains fl58|) from ()59|) by acting with 
^^on the latter. The generalisation to arbitrary spinor-valued spin-s fermionic fields is then 
straightforward llj; one obtains fully gauge-invariant field equations by taking non-local 
linear combinations of the field equation 

^V-Mi-Ms -s^(miV^/.2.../..) = (60) 
17 



from [in], where 'i/'^j...^^ := 'y'^'^i'fu...^^- A second order field equation is obtained by acting 
on the first order gauge-invariant field equation with ^, and this second order equation for a 
spinor- valued spin-(s + 1/2) fermionic field is that discussed in previous sections for a spin-s 
bosonic field but with A replaced with ip. The first order field equation is regained by acting 
on this second order equation with 

5.1 First order equations for general [pi, ■■■,Pn]s tensors 

This generalises to general spinor- valued tensor fields. The operations on multi-forms extend 
trivially to spinor-valued multi-forms. The local gauge-invariant action for a fermionic field 

ip G XlPi'-'P'^ls is 

'5'-'-'^'^^^ = - (U^^ I d""^^'--''^^^^^^^^^^ (61) 

where ip denotes the Dirac conjugate of ip. The gauge-invariant type [pi, ...,p]sr]g fermionic 
field equation tensor E{tp) involves partial derivatives on ip for even (or A^+1 derivatives 
for odd A^) and E is identical, as an operator, to that given earlier in terms of derivatives of 
A. In particular, E again satisfies the conservation conditions S^^"^ E = identically for 
i = I, ...,N. For A^ even, the fermionic field equation derived from (jblj) . for a general type 
[pi, ...,P7v]s fermion is given by 

J2 T^''''\..T^'''-''''^E{ij) = (62) 

I&Sn 

whilst for A^ odd, the derived fermionic field equation is given by 

^ ^(*ii2)___^(»ivJV+i)5^(^) = (63) 

where F{ip) = S^\..d^^^ip is the fermionic type [pi + 1, ...,Pn + 1]^ tensor field strength for 
Non-local first order field equations can be obtained from these local higher derivative equa- 



ls 



tions by acting with for suitable r. The non-local gauge-invariant action is 



,[pi,...,p]v]s 



'(r+1/2) 



where, as in ()44|) . the power r is chosen to be ^ — 1 for even and ^'^2^^ — 1 for odd 
so that the derived field equations are of first order. The gauge-invariant field equations are 
given by 



gf^ ■= V T^'^'^\.M'^-^'^^-^F{tlj) = (65) 
gW J]r(--)...r(^-^+^)^f^9F(V^) = (66) 



for N even and odd respectively. For spinor- valued spin-s fields (with N = s and all Pi = 1) 
these gauge-invariant fermionic field equations correspond to those proposed in [TT] . 

As in the bosonic case, one can construct associated first order non-local field expressions 
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^(2n+l) _ ^ ^(ni2),,,^(.iv+2„iV+l+2n)__^^(2n+l)(^) ^gg) 

for the case of A^ even and odd respectively. The field equation ()65p implies the vanishing 
of (jU7|) for all n while ()66|) implies that ()68|) are zero. In general, one can also consider 
general gauge-invariant field equations which are the linear combinations Y2n ^5^"^ = or 
J2n^nQf"^^^ = for some coeffiecients a^. 

The non-local action is replaced by the local Dirac form 



on imposing the physical gauge conditions 
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for all i = 1,...,N. Note that the second of these constraints implies r^^^'^ip = for any 
i,j = 1,...,N. This follows by multiplying the gamma-tracelessness condition by 7^1 and 
using a^'^^^ip = for j > i (since the tensor part of ip is ^-^(Z}, ]R)-irreducible). 

To conclude, we have 

= ^^"'Hi^) (71) 

as an operator equation for any spinor- valued fermionic tensor field ■?/', where G^"^\'il') corre- 
spond to the second order operators defined in pHjl . P^jl and (|Kn|l but now acting on 
ip. This generalises the result in Conversely, 

= Ig^-Hi^) (72) 
Appendix A : Fixing to physical gauge for higher spins 

A free massless gauge field in D dimensions can be reduced, by gauge fixing and using the field 
equations, to the dynamical degrees of freedom corresponding to a field in a representation 
of the little group SO{D — 2) C SO{D — 1, 1) satisfying a free field equation. Rather than 
fully fixing such a light-cone gauge, it will be sufficient here to consider the analogue of 
the transverse traceless gauge in general relativity, and we shall refer to such gauges as 
'physical gauges'. For example, consider a free massless totally symmetric tensor gauge 
field 4>f_ii...^^ of rank s. The gauge symmetry can be used to impose a gauge condition 
such as i9^^ ^2... = off-shell. However, if (f)^^...^^ satisfies its field equation, further 
restricted gauge transformations are possible while preserving the gauge conditions and these 
can be used to make (p^^...^^ traceless, and the field equation then reduces to the free one 
^<P^l^...^Ls = ^■ Then (pf^^...^,^ is in physical gauge if 

□0^1.../.. = , d^^cP,,,,,,,,^ = , v^'^y.^.^.-.^s = (73) 

on-shell, where rj'^'' is the (inverse) SO{D — 1, l)-invariant metric. We now discuss this 
gauge-fixing in more detail for the examples s = 2, 3, 4. 
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A massless field with s = 2 describes a linearised graviton h^y whose field equation is the 
linearised Einstein equation 

g^, := Dh^,-2dPd^^K), + d^d,h' = (74) 

where h' := rj^^hfj^i, is the trace. ()74|) is invariant under the gauge transformation 

5h^^ = 29(^^^) ^^^^ 
6h' = 2^^'i^ 



for any one- form parameter The De Bonder gauge choice 

1 
2 



T, := a^V-o^M^' = (76) 



uses D gauges symmetries to impose D constraints, but doesn't quite fix all the gauge 
symmetry, as it allows gauge transformations preserving the constraint = 0, 

5T, = = (77) 

restricting the gauge transformations to those with parameters satisfying = 0. For 
on-shell configurations satisfying ()74|) . this residual symmetry can be used to eliminate the 
trace of the on-shell graviton h' . The field equation (|7^ implies \3h' = (using ()76|l ) and 
for h' satisfying this, one can solve the equation 

h' = 29^Cm (78) 

for some satisfying = (see e.g. |2II), and so a gauge transformation with parameter 
= — can be used to set h' = on-shell. Setting h' = implies that (ffH|) reduces to 
d^h^u = and (ffij) reduces to Dh^^, = 0, and the transverse traceless or physical gauge is 
achieved. 

For s = 3, the field equation for a massless gauge field 0^,yp is 

g^^p := n(P^,p-3d''d^,<P,,)^ + d^,d,<P'p) + ^{2d''d''d^,d,<P,)^^ = 0(79) 

where 0^ := rf"'(t>^up is the trace. This non-local equation is invariant under the gauge 



transformation 



= d,^' + 2d'^^,, 
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(80) 



for any second rank symmetric tensor parameter C,fj.u- A convenient gauge choice is 

T^u ■■= dP^^^p-d^^ct)',^ = (81) 

but this still allows gauge transformations with parameters ^^i, satisfying 

5T^, = Uip,-d^d,i' = (82) 

These can now be used to eliminate the trace (p'^ provided (p^^p satsfies the field equation 
(ITHjl . The field equation (f7n|) and gauge condition (jHT|l imply that the trace satisfies 

= 9^5^', (83) 

Given a second rank symmetric tensor C,^jj which satisfies 

0; = d,C' + 2d'C., (84) 

together with 

□C.-'9AC' = (85) 

one can can perform a gauge transformation with parameter ^^j, = —C^iu to set = 0, so 
that (|HT|) reduces to d^(j)fj,^p = and (fTUj) reduces to D^^j/p = 0. 

It remains to show that a tensor (^i, can be chosen to satisfy (j84j) . (j85p . Define 

f, ■■= <j^',-dpC-2d^C, (86) 

The strategy, following 21 , is to arrange for fp and fp to vanish on an initial value surface 
t = to (where t := is the time coordinate and g := dtg for any tensor g). Then if D/^ = 0, 
fp will vanish everywhere and ()84j) will hold. Note that the trace of vanishes identically, 
so that no constraint is imposed on n(' by ()85|) . Then (' can be chosen to satisfy 

□C = ld^<P'p (87) 

so that this and (jH!?jl imply Dfp = (using (|HH|l ). so that fp is harmonic when 0^ is on-shell. 
Then (jH3j) becomes the following constraint on (p^, the trace- free part of (p^, 

DCp^-dpdX' = -^V,ud'<P', (88) 
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On the initial value surface t = to we choose (fj,^, Ctiv to satisfy 

0; = d,C' + 2d^Cu, (89) 

and 



3a^C' + 2VXiM-2V%^ (90) 



where with i = 1, ...,-D — 1 are the spatial coordinates and := V*Vi. These ensure 
that ffM = and = on t = to. Then (^i, is chosen to satisfy and (jHHj) : given the 
initial values of C/^i/, (fiu at t = to; this determines (^^ uniquely. Then as Df^ = 0, it follows 
that ffj, = everywhere, and as a result and (|HK|) are indeed satisfied, as required. 

For s = 4, a massless field (p^upa can satisfy the field equation 

/ \ (91) 

where (p'^^^ := ri''"4>fj.upa and 0" := Ti^'^(p'^i, are the single and double traces. The non-locality 
in (j9T| is again necessary so that it is invariant under the gauge transformation 

S (I) pupa = 4:d(^p^,yp^) 

6<l>'^, = 2d^,C) + ^dP^,^P (92) 
S(f)" = 4(9'^^; 

with unconstrained third rank totally symmetric tensor parameter C,uup- The gauge constraint 



T^up := - = (93) 



restricts the gauge transformations to those with parameters ^^,^p satisfying 

ST^^p = n^,,p-3d^^d,^;,^ = (94) 

These can be used to set the single trace to zero when (p^upa satisfies its field equations. 
The field equation and gauge condition imply that the trace satisfies 

□0;, = 2d''d^,<Pl^p (95) 
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and that 

= , d^d^<p'^, = (96) 

A third rank totally symmetric tensor C^j^p satisfying 

= 2d^,C) + ^d%,.p (97) 

and 

□Cm.p - 39(^5,C;) = (98) 

can then be used as a parameter of a gauge transformation with ^^^p = —Cfj,up that sets 
= 0, so that reduces to d'^cp^^ypa = and reduces to D^^ypo- = 0. 

As before, such a tensor (^^p can be found by first specifying (^^p, Cp.vp on an initial value 
surface t = and then using a wave equation for Cpi,p to fix the tensor everywhere. Note 
that the trace of (|nH|l does not restrict D^^, but does imply 

dpd^C = (99) 

Equation implies 

r = ^d\l (100) 
and both sides of this equation are constant, as a result of (|^. (j^ . Defining 

fp, := ct)'^^-2d^pC)-'2d%,up (101) 

then if is chosen to satisfy 

□c; = (102) 

it follows that D/pi/ = on-shell. As above, Cp-up, (pup can be chosen at t = to so that fpi, = 
and fpu = at t = to, and these together with (|^. p02p determine C/^i^p everywhere. It 
then follows that fp^, = everywhere and so (^Tj) and (PS|) are satisfied, as required. 
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Appendix B : The generalised Einstein tensor for type 
[pi, ...,Pn] gauge fields 



As has been seen, the quadratic action for a type [pi, ...,pAr] gauge field is naturally written 
in terms of a generalised Einstein tensor E which is a gauge-invariant type [pi, p^r] tensor 
that is conserved (i.e. d'^^^'' E = for all i = 1, ...,N). It is straightforward to construct E 
in simple examples such as those discussed in the introduction. In this appendix we use the 
multi-form structure to write an explicit form for E in some simple cases and the leading 
terms in the general case. Based on these results we propose an expression for the form of 
ii^ in the general case. 

Before discussing the construction for general A^, it will prove useful to present the details for 
the N = 2 case. This class of bi-form gauge theories is illustrative of the general structure. 
In this case, we can use the simplified notation of P, jTU], dropping the superscript (1) and 
replacing the the superscript (2) with a tilde, so that d := d^^\ d := d^'^\ and omitting the 
superscript (12), so that, e.g. r := t^^'^\ We begin by noting the following identities for 
bi-form operators acting on a general element T G X^''^ 

c/r" + (-1)"+V'^rf = ndW"-^ 
d^T + rd^ = 
di] + rjd = 

+ (-l)"+'r/"ci^ = nrfV"^ (103) 
TT] — r]T = {D ~ p — q)l 
ar = ra 
arj = rja 

with similar relations holding for the operators with tildes. 
The general form for E can be written as 

q 

E = ^/t„r/"r"+^F (104) 

n=0 
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for some coefficients /c„, and these coefficients are fixed by requiring that E be conserved. 
For a gauge field A e X^P'"] (with p > q) with field strength F = ddA E xlf+^'^+i], the 
identities imply that arj'^T^F = for any powers m and n (since aF = 0). This 

implies that each term in the sum ()104j) is annihilated by cr and so as a result each term in 
the sum is (jL(D, ]R)-irreducible, in the [p,q] representation. The identity 

Sirfr'^g) = rfr'^Sg + n{n + l)'q''-^T''-^Sg (105) 

allows the coefficients in ()104|) to be determined order by order in the expansion in the powers 
of 7] by requiring conservation of E at each order. Requiring that E satisfies SE = and 
d)E = identically fixes the coefficients, giving the result 

^ {n + l){n\) 

and E is in the [p, q] representation, as required. The generalised Einstein equation E = 
implies g := tF = for D > p + q. For example, for linearised gravity, p = q = 1 and the 
usual Einstein equation E^^ = implies that the Ricci tensor vanishes in dimensions D > 2, 
but in the critical dimension D = 2, E^^i, = is an identity implying no restriction on the 
Ricci tensor. 

We now turn to the general case of multi-form gauge fields A E x'^i' ' '^^'. The following 
identities for operators acting on a general element T E X*'^'"''^^ will be useful 









= 




= 




= rf» 


_|_ ^{kj)^{ij) 


= 


_|_ 


= 




= 




= 



(107) 
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(j{ji)^Uk) _|_ ^(jk)^{ji) _ _^{ik) 

Operators with distinct labels commute. Repeated labels are not to be summed. 

The field equation for even was given by ()42|1 (or (45)) involving multiple traces of F, 
while that for odd was formally very similar, given by (PT|) (or (46)) but with F replaced 
by the tensor dF, corresponding to a tableau with an even number (A^ + 1) of columns. 
Below we will discuss the case of even A^; similar formulae can be used for the odd A^ case 
provided F is replaced by dF. 

Theorem : For a gauge field A G Xt^^''"'^^' (with pi > Pi+i) with field strength F = 
d^^L.d^^A e xtPi+i'-'P^+^l, the identities (P7|) imply that 



^y^j, J2 r(^i^2)___^(iiv-ii^)^ = (108) 



I€Sn 



since a^^^^F = for any j > i. The sum is over all values of / = {ii, ^at) in (1, N) with 
no ik equal. There are 



X! 

2^/2 (X/2)! 



such inequivalent terms. 
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Proof : Begin by partitioning the sum in (jl(J8j) into two seperate sums for any given a^^^\ 
The first sum Qi contains fN-2 inequivalent terms whose elements each have one t^^^^ in the 
(X/2)-fold trace of F. The second sum Q2 contains the remaining — fN-2 inequivalent 
terms whose elements each have one r'-"''-* and one r^j^"^ where v and is are different labels 
for different terms but never equal i nor j. Since each of the N/2 traces have different labels 
then they commute and can be arbitrarily permuted. We therefore choose each r*^-'*"-' to be 

•^Two terms are said to be inequivalent if their indices cannot be rearranged such that they are proportional 
to each other. 
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leftmost in Q2- From ()107|) it is clear that a^^^^ commutes with all the traces in Qi. Moreover, 
or(*i) commutes with all traces in Q2 except the two t^^^"^ and r*^**''^ traces. ()107p shows that 
cr'-*-'^ anticommutes with the first of these traces r^-^*"-' then anticommutes with the second 
^i^^r) g^jgQ produces another term with t^^^^^ replacing each r*-"''\ More precisely this 
means 

I&Sn leSN 

(110) 



where the sum on the right hand side is still over all labels ik 7^ i,j with k = 1, s, ...,r, N . 
However, the first two traces in this sum have a common index j and therefore anticommute 
(using (jl(J7|) ). Since one sums over all inequivalent labels then for each ig = m and v = 1^, 
there will be a corresponding pair = n and = m and so this sum is identically zero. 
Using that F is irreducible under GL{D^M) then completes the proof. □ 

The GL(Z), M)-irreducible term 

g ^ ^(jij2)___^(i]v-ijjv)_p (111) 

is the leading term in ii^ G xl^^' ' '^^!. The first shifted trace term is given by 

V-rg := yir>u...,v.]-{]^j^V^''^r^''^'^Q (112) 

with relative coefficient ki = —1/N chosen to ensure conservation of = Q — {1/N)'r]-TQ+... 
to first order. This coefficient is computed using the relation 

d^^'\r]-Tg) = 7]-Td^^'^g + Nd^^'^g (113) 

A natural guess for the next shifted trace term is that it should be proportional to 

v'-r'g := y[p,,...,p^]o(l (r/(^^)r/('=') + 2r/(^^)r/('^))r(^^V^-') W (114) 



i,j,k,l=l 
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Similarly, a natural proposal for the general n-trace correction term is that it be proportional 
to 



(115) 

The bracketed sum in pi5|) is over all permutations of labels (ii, i2n)- Those permutations 
which occur more than once should be counted with multiplicity (hence the factor of 2 in 
the second term in ()114|) ). In general, an explicit Young projection onto the [pi,...,pN-] 
representation is required, although it can be the case, as in the bi-form examples above, 
that it is not needed as the term is already irreducible without projection. 

This leads to the conjecture that E is given by 

E = Y^hnV'^-r^Q (116) 

with coefficients A;„ chosen so that S^^'^ E = 0. It is clear, however, that the structure of the 
higher trace correction terms is complicated and this makes the determination of coefficients 
kn difficult for > 1. 

The ordering of algebraic operators in (jll6|) (with all 77 's to the left) is chosen because 
{i]"' ■ T^Q) can be expressed as terms with only n and n — 1 traces of S^^^Q (rather 
than a sum of terms with all possible traces). This follows from the identities ()107p . If our 
conjectured form for the shifted traces is correct, then it is to be expected that there should 
be a general relation 

^t«(^n.^n^) = r7"-r"c/^^'^^ + Piv(n)r7"-i-r""irft«^ (117) 

for some polynomial PAr(n) in and n. This structure was found above for PAf(l) = N 
()113p and P2{n) = n{n + 1) pOSj) and will be checked in further examples below. If ()117|) is 
true then conservation of E implies 

kn = (-l)"fnP^(r)) (118) 
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after choosing ko = 1. 

A check of the conjecture ()117p is given by considering the example of totally symmetric rank 
s gauge fields. We again take s to be even; the odd spin case is similar but with F replaced 
by dF. As noted in the introduction, the gauge-invariant field strength F for a spin-s (type 
[1, 1] tensor) gauge field is a type [2, 2] tensor. The corresponding gauge-invariant field 
equation is defined using (jlllj) and is given by the vanishing of the spin-s tensor Q with 
components 

where fs is the numerical factor defined in ()109p so that each inequivalent term in pi9|) 
contributes with weight 1. The shifted trace terms are defined using and are also 

spin-s tensors whose components are 

where Q^'^^ := t^Q is the nth trace of Q for < n < s/2. There is just a single inequivalent 
trace r on totally symmetric tensors. The numerical factor 

n\ 2- {s-2n)\ ^^^^^ 
ensures that each inequivalent term in ()120|) contributes with weight 1. The shifted trace 
terms (|12m) for spin-s gauge fields are irreducible, without the need for an explicit Young 
projection - in contrast to the general case discussed above. This is due to the definition of 
the sum over permutations in ()115|) which is equivalent to a total symmetrisation of indices 
when acting on a totally symmetric tensor. 

Using the relation 

Q/i/7{n-l} _ {s+l-2n) ^ {ri} /.^^x 

i^MM2n...Ms - (^_5_^2-2n)^'''" ''2n + l.../^.) 

then implies 

d\rf ■ r'^g) = r]''-T'' Sg + P,(n) rf'^ ■ r"-^ Sg (123) 

where Ps(0) = and Ps(n) = s + 2 — 2n for < n < s/2. These numbers agree with those 
found above for P^i^^) for those values of {N,n) for which they are both defined. That is, 
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one finds Ps(l) = s from eitlier p23p or from ()113|) and p05|) . One can then solve for the 
spin-s Einsten tensor with even s in the manner described above, so that 

which satisfies the single inequivalent conservation condition SE = identically. 
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